Abstract. We study extensions of states between projection structures of JB algebras and generalized orthomodular posets. It is shown that projection orthoposet of a JB algebra A admits the universal extension property if and only if the Gleason theorem is valid for A. As a consequence we get that any positive Stone algebra-valued measure on projection lattice of a quotient of a JBW algebra without type I 2 direct summand extends to a positive measure on an arbitrary larger generalized orthomodular lattice.
The classical extension theorem of Horn and Tarski [5] says that any probability measure on a Boolean algebra B extends to a probability measure on any larger Boolean algebra B containing B. The first "quantum measure theoretic" generalization of this result was given by P. Pták [10] who showed that B can be replaced by any quantum logic L with reasonably rich state space. We say in this case that Boolean algebras have the universal state extension property. In further development it has been proved in [6] that the universal state extension property for projection structures of unital C * -algebras is equivalent with the existence of "non-commutative integral" (so called Gleason property). As a consequence we get that projection lattices of von Neumann algebras without type I 2 direct summand enjoy the universal state extension property. The aim of this note is to extend the above stated results for (not necessarily unital) Jordan Banach algebras and corresponding orthomodular structures not containing a largest element. This generalization is based on extension technique using determinacy of pure states on Jordan algebras. Moreover, general extension theorem for complete vector space valued measures on projections will be proved.
First we recall a few notions and fix the notation. (Our standard references for Jordan algebras, ordered vector spaces, and quantum logics are [7, 1, 11] , correspondingly.)
By a Jordan algebra we shall mean a real vector space A equipped with the product (i.e. bilinear form) written as (a, b) → a • b and satisfying the following properties for all a, b ∈ A:
A is said to be unital if it admits a unit with respect to the Jordan product.
In addition, if A is a Banach algebra with respect to the product • and if the norm || · || satisfies the following conditions for all a, b ∈ A: ||a 2 || ≤ ||a 2 + b 2 ||, a JB algebra. If A is a dual Banach space, then A is called a JBW algebra. An important example of a JB algebra is a Banach algebra of self-adjoint operators acting on a Hilbert space H endowed with a product a • b = 1/2(ab + ba). Such an algebra is called a JC algebra. Any JC algebra which is weakly operator closed is said to be a JW algebra. We write A 1 = {a ∈ A; ||a|| ≤ 1}, A + = {a 2 ; a ∈ A}, A
The center of A is the set of all elements operator commuting with whole algebra A. A subspace I of A is called a Jordan ideal if T a (A) ⊂ I for all a ∈ I. Denote by A * the dual space of A. An element f ∈ A * is said to be positive if f (A + ) ⊂ [0, ∞). The state space S(A) and the quasi state space Q(A) of A is defined as the set S(A) = {f ∈ A * | f = 1, f ≥ 0} and 
The representation π associated with is defined as a Jordan homomorphism π : A → A * * : a → c( ) • a, where c( ) is the smallest (i.e. minimal) projection in the center of A * * which covers s( ). Let P (A) = {p | p 2 = p} be the set of all projections of a (not necessarily unital) JB algebra A. When we endow P (A) with partial ordering inherited from A and consider partial orthocomplementation q → p−q defined on each interval [0, p], then P (A) becomes an orthomodular structure known as the generalized orthomodular poset. We call P (A) the projection orthoposet of A.
Definition (see [8] ). Let (L, ≤) be a partially ordered set with a least element 0, such that every interval [0, a] in L is equipped with an order-reversing, involutive unary operation x → x ⊥a . L is said to be a generalized orthomodular poset if the following conditions are satisfied for all a, b ∈ L:
In what follows let L denote a generalized orthomodular poset. We say that We say that L has the universal state extension property if the following condition is satisfied. Let K be a generalized orthomodular poset with a unital set of states containing L as a suborthoposet. Then every state of L extends to a state of K. It can be proved by an easy modification of [10] that every Boolean generalized orthoposet admits the universal state extension property. In case of projection orthoposets the following important extension property is often considered. A JB algebra has A the Gleason property if every state of P (A) extends to a state of A. According to the generalized Gleason theorem for Jordan algebras [2, 3] any JBW algebra not containing type I 2 direct summand has the Gleason property. Further, any JB algebra whose projection orthoposet has the universal state extension property has the Gleason property. This fact is due to the observation that any JB algebra can be embedded into a JBW algebra not containing a type I 2 direct summand. It has been proved in [6] that, perhaps surprisingly, the Gleason property of unital C * -algebras with sufficiently many projections already implies the universal state extension property. We are now going to generalize this result for non-unital JB algebras. Our extension technique is based on the existence of a determining element shown in the following Proposition. Its proof simplifies considerably in a unital case. 
In the second case take a unit vector ω ∈ s( )(H). It is easy to verify that (π (x)ω, ω) = (x) for any x ∈ A.
Since s( )ω = ω the transitivity theorem [12] guarantees the existence of a positive element b ∈ A with π (b)ω = ω. By the above argument we can modify b to be a positive norm one element.
In both cases we have an element, say a, such that 0 ≤ a ≤ 1 and (a) = 1. Since L is a separable JB algebra it contains a strictly positive contraction y. Now x = a − U a (y) satisfies the statement of the Proposition. Indeed, 0 ≤ x ≤ 1. As (a) = 1, we have (U a (y)) = (y) = 0 by the Cauchy-Schwarz inequality. Hence, ( Proof. Assume that A has the Gleason property and L is a generalized orthomodular poset with a unital set of states containing P (A) as a substructure. Given a state ϕ of A we will seek an element of Q(L) extending ϕ|P (A).
Substantial part of the proof consists in proving that ϕ|P (M ) extends to an element of Q(L) provided that M is a separable subalgebra of A. At the first stage we will prove it under the assumption that ϕ|M is a pure state. According to the Proposition there is a determining element x ∈ M for the state ϕ|M . Let B be an associative JB subalgebra of A which contains x in a norm closed linear span of its projections. Since P (B) is a Boolean generalized orthomodular poset, P (B) enjoys the universal state extension property and ϕ|P (B) extends toφ ∈ Q(L). Let ϕ be a linear extension ofφ|P (A). Thenφ(x) = ϕ(x) and, in turn,φ = ϕ on M .
Thereforeφ is an extension of ϕ|P (M ).
Let us now consider the general case of ϕ|M being an arbitrary element of Q(M ). Since every extreme point of the compact convex set Q(M ) is either a pure state of M or zero, the Krein-Milman theorem says that ϕ|M is a weak * -limit point of a net (ψ α ), where each ψ α is a linear combination of pure states of M whose coefficients are from interval [0,1]. Every state ψ α |P (M ) extends to a state ψ α of L. Employing now compactness of Q(L) we may assume (passing to a subnet if necessary) that ψ α → ψ. Then ψ is the desired extension. Now let p 1 , . . . , p n be projections in A. Considering a JB algebra A[p 1 , . . . , p n ] generated by elements p 1 , . . . , p n , we can extend ϕ|P (A[p 1 , . . . , p n ]) to a measure in Q(L). In other words, for each finite subset S ⊂ P (A), the set F S = { ∈ Q(L); |S = ϕ|S} is a nonempty (compact) set in Q(L). As F ∪Si = F Si for any finite collection S 1 , . . . , S n of finite subsets of P (A), it follows immediately that the system (F S ) S∈Γ , where Γ is a collection of all finite subsets of P (A), has the finite intersection property. The set Q(L) being compact, the intersection S∈Γ F S has to be non-void and any element ϕ ∈ S∈Γ F S serves as a state of L extending ϕ|P (A). The proof is complete.
Corollary. Let I be a norm closed Jordan ideal in a JBW algebra M . Suppose that M does not contain type I 2 direct summand. Then the quotient structure P (M/I) enjoys the universal state extension property.
Proof. By [2, 3] M has the Gleason property and so does the quotient M/I. Take x ∈ M/I. Denote by π the canonical quotient map. Then x = π(y) for some y ∈ M. Let B be an associative JBW subalgebra of M generated by y. Then x is in the norm closed span of projections in π(B). Thus the quotient M/I meets all assumptions of Theorem 1 and the proof is complete.
Restating the Corollary we see that any positive measure on the projection lattice of a JBW algebra, and von Neumann algebra, usually extends to a positive measure on an arbitrary larger generalized orthomodular structure. (Recall that we require only projection lattice to live in some subinterval of a superstructure.) In the conclusion of this note we show that this extension theorem remains valid even for more general vector measures having values in vector lattices. Since the proof is based on the techniques of ordered vector spaces we first introduce ordered linear space naturally associated with a given orthomodular poset.
Let L be a generalized orthomodular poset. We denote by A(L) ("linearization" of L) the space of all bounded affine functions on the quasi-state space Q(L) vanishing at 0. Endowed with the usual arithmetic operations, supremum norm, and pointwise order, (A(L), ≤) becomes an ordered Banach space. It can be easily verified that the function 1 L defined by 1 L (s) = sup a∈L s(a), s ∈ Q(L), is an affine function on Q(L) on condition that L is a lattice (or at least upwards directed ordered set). In that case (A(L), ≤, 1 L ) forms an order-unit Banach space. The structure L can be mapped into A(L) via evaluation mapping, e L , given by
, then e L is injective and order preserving.
Suppose now that L has the universal state extension property and that K is a generalized orthomodular lattice with unital set of states containing L. It can be proved in the same way as in the unital case [6, Lemma 3] 
is a linear isometry preserving the order. Thus, A(L) can be viewed as a subspace of A(K).
Finally, recall that an order unit-space (S, ≤, 1 S ) is called a complete vector lattice if S is a complete lattice with respect to ≤. Every complete vector lattice is isomorphic to some Stone algebra, C(X), of continuous functions on some extremely disconnected compact Hausdorff space X. By a positive S−valued measure on a generalized orthomodular poset L we mean a mapping µ of L into a positive part of S such that µ(a ∨ b) = µ(a) + µ(b) whenever a ⊥ b, and µ(L) is bounded in S. Proof. According to the Corollary P (M ) enjoys the universal state extension property and so the mapping i : A(P (M )) → A(K) defined above is an embedding in the category of ordered vector spaces. Denote by (V, v) the order-unit space (i(A(P (M )), ≤, v), where v = (i • e P(M) )(1 M ). By the Gleason Property we can identify state spaces S(P (M )) and S(M ) and so A(P(M)) is isomorphic to the second dual M * * . By [4] (easily modified for quotients) the S-valued measure µ extends to a positive unital linear mappingμ of M into S. By the extension property of vector lattices proved in [9] we can further extendμ to a linear mapping µ : M * * → S with ||μ|| = ||μ||. Since ||μ|| =μ(1 M ) we have by [1, Proposition II 1.3, p. 69] thatμ is positive. Summing it up, µ induces a positive linear mapping
Since K is a lattice, the function 1 K is an order unit for A(K). We can define a linear mapping F : V + R1 K → S extending F and satisfying F (1 K ) = 1 S . Let us show that F is also positive. Suppose that x + λ1 K ≥ 0 for x ∈ V, and λ ∈ R. Take a state s of a lattice K satisfying v(s) = 1. Then (x + λ1 K )(s) = x(s) + λ ≥ 0, and, in turn, (x + λv)(s) = x(s) + λ ≥ 0.
Thus, the preimage i −1 (x + λv) is positive and so is x + λv. Hence,
due to positivity of F . It follows that ||F || = 1. Using extension property of (S, 1 S ) we can further extend F to a continuous linear mapping F : A(K) → S such that || F || = ||F || = 1. Since F (1 K ) = F(v) = 1 S we see that F is positive. It is now clear that the S-valued functionμ on K given bŷ
is an S-valued measure. Using the fact that e K |P (M ) = i • e P(M) we get for p ∈ P (M ) that
Hence,μ is the desired extension and the proof is complete.
Let us remark at the end of this note that Theorem 2 also holds for general (not necessarily positive) S-valued measures. This can be justified by inspection of the proof and recent results of L. J. Bunce and J. D. M. Wright on linear extensions of signed measures on von Neumann projection lattices.
Theorem 2 also has the following consequence for the case of Boolean algebras studied in [5, 10] . Let us consider the situation when a complete Boolean algebra B lives in a generalized orthomodular lattice K which has a unital set of states. Then the identity map on B can be considered as a positive measure on B with values in the Stone algebra C(X) of B. Since C(X) is a complete vector lattice, Theorem 2 applies to give a positive measure E : K → C(X) which restricts to the identity on B. Since E is induced (after obvious identification) by a norm one projection of A(K) onto A(B), E can be viewed as a lattice-theoretic counterpart of conditional expectation in operator algebras.
